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Abstract 

We construct non-Abelian J\f = 2 on-shell vector multiplets in five and in four dimensions. 
Closing of the supersymmetry algebra imposes dynamical constraints on the fields, and these 
constraints should be interpreted as equations of motion. If these field equations should not 
be derivable from an action, we find that supersymmetry allows a broader class of target-space 
geometries than the familiar rigid (very) special manifolds. These theories moreover have more 
general potentials due to the possibility of including Fayet-Iliopoulos terms in the non-Abelian 
case. We show that by introducing an action, we recover the standard results. Finally, we 
relate the five- and the four-dimensional theories through dimensional reduction and discuss the 
corresponding generalised r-map. 



1 Aspirant FWO 



1 Introduction 



During the past decade, special geometry has proven to be a rich and interesting subject. One of 
the main reasons why these geometries got so much attention is that this class of manifolds is quite 
restrictive and hence manageable. 

Theories with 32 supersymmetries are completely fixed, and the only possible set of fields is the 
supergravity multiplet. In theories with 16 supersymmetries there are already matter multiplets, 
but only a discrete set of possible target manifolds exists. Subtleties aside, these theories are 
completely fixed by the number and type of the multiplets considered. The next possible theories 
have eight supersymmetries and for those, there is already enough freedom to define the target 
space geometry through continuous families of coupling functions. Because of the large amount of 
symmetry though, a lot of structure is imposed on these coupling functions. Therefore, the set of 
special manifolds is restrictive. 

Rigid special geometry was first studied in [1,2]. One of the most important applications is in 
the research on dualities, initiated by the Seiberg-Witten papers [3,4]. Other important connections 
with special geometry were found in the study of Calabi-Yau compactifications [5, 6] and in the 
AdS/CFT correspondence [7]. More recently, with the advent of brane- world scenarios [8,9], M = 2 
supergravity again captioned attention. 

Because of this reconsideration of M = 2 supergravity, the target space geometry of the corre- 
sponding rigid super symmetric theories is also studied. For instance, in constructing supergravity 
theories through the superconformal tensor calculus approach [10-12], one starts with superconfor- 
mal matter multiplets for which the superconformal gauge fields act as a background. In these cases, 
the target space geometries are those of the rigid theories, possibly with some extra structure. 2 

In [12] it was found that the target space for rigid hypermultiplets can be a hypercomplex 
space when the equations of motion are not derivable from an action. If they are, there is a 
compatible metric and the hypercomplex manifold becomes hyperkahler. When such a theory is 
coupled to vector multiplets by gauging isometries in the hypercomplex target space, one encounters 
difficulties as the vector multiplets are off-shell, and dynamically coupling a theory with an action 
to one without, does not seem to make much sense. This is the main motivation of the present 
letter. We will construct an on-shell vector multiplet and will find that the possibilities for the 
target manifold are more general than in the usual off-shell case. 

Theories defined by equations of motion that are not derivable from an action are quite fre- 
quently encountered. There are different reasons why an action principle might not be at our 
disposal. First of all, the theory can contain an (anti-)self-dual field strength, like in the case of 
type IIB supergravity. In these cases, at least a simple action formulation does not exist. Another 
possibility is that the theory is constructed using generalised Scherk-Schwarz reduction with a sym- 
metry that leaves the equations of motion invariant, but not the action. The reduction should then 
be performed on the equations of motion, and the resulting equations might not be derivable from 
an action any more. A quite well-known example is the massive IIA supergravity constructed using 
the scaling symmetry of the equations of motion of eleven dimensional supergravity [13-15] but 
other examples exist [16]. A final class of classical super symmetric field theories for which there is 
no action are the ones with a non-Riemannian target space and a torsionless affine connection on 
the tangent bundle. The above mentioned hypercomplex manifolds for rigid hypermultiplets are 
examples of the latter. Other examples are quaternionic spaces in N = 2 supergravity coupled to 

2 E.g. a conformal Killing vector field. 
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hypermultiplets [11] and complex flat geometries in the M = 1 four-dimensional Wess-Zumino mul- 
tiplet [17]. We close this paragraph by mentioning that in string theory, one can find the equations 
of motion of the background fields directly by demanding the vanishing of the beta functions, to 
ensure conformal invariance. Afterwards, an action might (or might not) be constructed. 

The content of this letter is as follows. In Section [51 the rigid five-dimensional on-shell vector 
multiplet will be constructed and the defining conditions for the geometry will be found. We will 
also include Fayet-Iliopoulos terms in our discussion. In Section|2]we will use the Batalin-Vilkovisky 
formalism to show that by demanding the existence of an action, the target space becomes a very 
special real manifold. In Section we will repeat the construction in four dimensions and compare 
our results to the well-known off-shell theories with special Kahler target manifolds in Section |SJ 
In Sectional we will link the results of the previous Sections by dimensional reduction. Our final 
Section [7] contains the conclusions. An Appendix with conventions is also added. 

2 On-Shell Vector Multiplet in Five Dimensions 

The purpose of this Section is to construct an on-shell N = 2 vector multiplet in five dimensions. 
The fields should form a representation of the super-Poincare group and should be charged under 
the action of the gauge group. The superalgebra contains an su(2) R-symmetry, under which the 
gaugino is charged. The fields composing the multiplet, together with their numbers of degrees of 
freedom and their su(2) weights are given in Table Q and as is well-known, the number of bosonic 
and fermionic degrees of freedom should match. 3 If we would take the fields off-shell, the number 
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on-shell dof 


a 
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1 
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2 


4 



Table 1: Fields in the M = 2, d = 5 vector multiplet 

of fermionic degrees of freedom would double, while the corresponding number of bosonic modes 
would only increase by one. Therefore, to compensate this mismatch between bosons and fermions, 
the off-shell vector multiplet contains an additional auxiliary bosonic field in the 3 of su(2). 

The commutator of two supersymmetries should always contain a translation, but in the most 
general off-shell case, it turns out that the algebra also contains a field-dependent gauge transfor- 
mation [12,18]. 

[61,62] = 5 P {\e2^e l )+5 G {-\ia I e 2 e 1 ) , (2.1) 

where 5p is the translation and 5q the gauge transformation. This algebra closes on all fields. One 
then proceeds by building a supersymmetric action, which is completely specified by a symmetric, 
gauge- invariant three-tensor Cijk (see also Section I3J). The target space geometry is then called 
rigid (or affine) very special real and is Riemannian with metric Cijk& K ■ 

In on-shell multiplets, the closing of the supersymmetry algebra imposes dynamical constraints 
on the fields. More specifically, calculating the commutator of two supersymmetries on the fermions, 
one finds that there appears a non-closure functional of the fields at the right-hand side. This 

3 I.e. after elimination of degrees of freedom with the gauge invariances and the equations of motion of the system. 
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functional is then interpreted as the equation of motion for the fermions. One can then find the 
other equations of motion by considering the supersymmetry transformation of the latter. 



We start with the following transformation rules for the fields. 

5a 1 = \ieil; 1 -gf JK I a J a K , (2.2) 

5Al = ie 7 ^ 7 + d„a I +gf JK I Af l a K , (2.3) 

fyU = -ii# a l e *-lf e * +A M I e J -gfj K I a J ^ K , (2.4) 



where e l is the parameter for supersymmetry transformations and a 1 the one for gauge transfor- 
mations. We found these rules by taking arbitrary transformations for the vector and the gaugino, 
and asking compatibility with the supersymmetry algebra. In this process, it turned out that in 
the most general case, the supersymmetry algebra is (j2.ip and the fields should transform as men- 
tioned above. Another important point to make is that the field-dependent (and yet unknown) 
object A'* 3 '^ in (|2.4j) (which transforms in the 3 of the R-symmetry group) stands in place of the 
auxiliary field in the off-shell case. 

The field strength F^ u , the gauge-covariant derivative on a general object Y 1 transforming 
in the adjoint of the gauge group and the gauge covariant d'Alembertian are defined as 

F% = 2d [M Ai ] +gfj K I AiA^ , 

= d^Y 1 + gf JK I Af l Y K 
Oa 1 = d^a 1 + gf JK I A J ^a K . (2.5) 

It is now easy to check that the algebra (|2.1[) is realised on the bosons. To do the same calculation 
for the gaugino, we need an Ansatz for the transformation of the field-dependent object A^' 1 , 
which we take to be 

5 Q A^ I (a,A tl ,^) = -e k C k ^ )I . (2.6) 

where £*>w) J is a field-dependent spinor in the 2 x 3 of su(2). Expanding C fc ' fe)/ = e k ^C j)I + C {ijk)I 
we can see that C (ijk)I should be zero by trying to close the algebra (|2.1j) on the fermions. In 
conclusion, the transformation rule (|2.6|) becomes 

5 Q A^ I (a,A tl ,^) = ^C' )I ■ (2-7) 
The algebra on the fermions tjj l1 then yields 

[Si,8 2 ]^ iI = Sp^-fex)^ 1 + 8 G {-\a I e 2 e 1 )^ 1 

-^eiT' 1 - A e - 27 M ei>r / _ £4V"ejVrJ . ( 2 - 8 ) 
T u = t^ 1 +igf JK I a J ip iK -K 1 , (2-9) 

where the non-closure functional T l1 is the equation of motion for the fermions. 

To know the explicit expression for Q %1 we need the field-dependence of the object A^ 1 , which 
can be inferred from its transformation rule (|2.7[) together with dimensional considerations. Starting 
from the dimensions of the fields shown in Tableland supposing that there do not exist objects 
of negative dimension, the most general expression for A^' 1 reads 

A w = gf m {a) _ 1 i^o^V* , (2-io) 
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where ^ JK is symmetric in its lower indices. The first term will turn out to be the on-shell coun- 
terpart of a Fayet-Iliopoulos term. By using the rules Q2.2I2.4|) we can calculate the transformation 
of A^ 1 , which now only is compatible with (|2.7|) if the following equations hold: 

djf {tj)I + 2 7 j K f^ K = 0, (2.11) 



IhMljK 



hdWjK • (2-12) 



Note that the requirement (|2.12|) follows from the terms in SqA^ 1 which are cubic in the gaugino. 

From the study of the symmetry algebra, we can infer two more conditions which should hold 
in the non-Abelian sectors of the gauge theory. As can be checked on the bosons, the commutator 
of a supersymmetry and a gauge transformation should vanish. On the fermions, this condition 
implies that transforms in the adjoint representation of the gauge group. This leads to the 

other defining conditions for the geometry: 

fjL K ° L d K f il ~ fjK 1 !^ 3 = , (2.13) 
Vj{l M 1k)m ~ Ijm^Ml + fjM N a M d NlKL = . (2.14) 

We can now completely determine all equations of motion as the non-closure functional T iJ 
transforms under Susy as 

5T iJ = -| i 1 I JK ^ K e j - | i 7 5^Vr j7 V, + h Wjk^I^I^ 

-liAV-i-^'V, (2.15) 

where A 1 is the equation of motion for the real scalar a 1 and the one for the real vector A^. 
All dynamical constraints thus read 

+ igfj K I (T J r K = 0, (2.16) 
A 1 = da 1 + ljK V»o J Wo K - Wj K F^ vK - \d LljK ^a J ^ K - \ i d K7 j L j J ^ K 



M 
3 



+UgfjK I ^ J ^ K + i91jKfLM* M TpV + igdry I LM f ijL $ilj t + igdj^l M f ijJ ^f 



y y i 1 y i j k j lm w y y < i y"J ilmj y% Yj < ilmj Yi Yj 

+2gWj K f jJ f!j = , (2.17) 

z:I _ T^ v T?I jpi/pj rpcrrK i n^J rr\V „K 77J . • J J.J rr>, J.K 



j 



-\^{Kll)jlU$ Mh ^ N ^fo^f - 9fjK<y J ^,a K + IgfjK 1 ^!^ 
-gdjliuf^tl^Y = • (2.18) 

Note that the last term in (|2.17|) is a more general potential than in the off-shell case, since it can 
be present in the non-Abelian sectors of the theory. As we already mentioned, the action, and 
hence the equations of motion for off-shell vector multiplets, are completely fixed by a tensor Cijk- 
Similarly, the dynamical constraints in the on-shell case are determined by a new object jj K which 
is symmetric in its lower indices. In the Abelian factors of the gauge theory and in the absence of 
a Fayet-Iliopoulos term, H2.12|) is the only constraint and we will show in the next Section that it 
is the counterpart of the fact that Cijk is constant. In the non-Abelian case, the transformation 
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of the object ^ JK should be compatible with (|2.14|) . which is to be compared to the demand that 
Cijk is gauge invariant. 

In the Abelian off-shell case, we can add a constant term (the Fayet-Iliopoulos term) to the 
equation of motion of the auxiliary field, which yields a potential in the action. The on-shell 
counterpart is the object f^W which in the Abelian case satisfies (|2.11|) , In the non- Abelian case, 
this FI term should also satisfy (|2.13|) but is not eliminated by it. This is a major generalisation 
as in the off-shell case non-Abelian FI terms are not possible. 4 



3 Action in Five Dimensions 



In this Section, we will show that the existence of an action reduces the set of equations in Section 
El to the well-known ones of very special geometry. More specifically, we will show that we can 
construct a standard action only if the object ^ JK can be linked to the above mentioned tensor 
Cijk- 

In a general non-linear sigma model, the scalars are considered to be coordinates on the target 
space. In a suitable formulation, the equations of motion then transform covariantly under coordi- 
nate transformations and as a consequence, there appears a connection in the kinetic term for the 
scalars 

Ua x = d^a x + F^d^d^a* . (3.1) 

In general, this (torsionless) connection is affine. If we demand that this equation of motion is to 
be derivable from an action with a standard kinetic term, i.e. 

£ = -y xy d fl a x dW + ... , (3.2) 

the connection is metric preserving. Thus, since the existence of an action requires the introduc- 
tion of a new object, namely the metric on the target space, the target space geometry becomes 
Riemannian. 

This is a rather general observation for non- linear sigma models, but in our case more care might 
be needed. The reason is mainly that we are working in special coordinates in which target space 
diffeomorphisms are not manifest. Therefore, the equations of motion (|2.16f) - (j2.18f) do not seem to 
be covariant under general coordinate transformations and the object j JK should rather be seen 
as the on-shell counterpart of Cijk than to be considered a connection. This cautionary remark 
aside, we will proof that in the off-shell case -y JK can be related to the Levi-Civita connection 
corresponding to the special real metric (in special coordinates) gu = Cijk<J K ■ 

Without referring yet to the explicit form of the Lagrangian, we need one more object to 
characterise the theory if the equations of motion (|2.16)) - (|2.18|) should be derivable from an action 
functional S, as we have 

= gur u , (3.3) 

and similarly for the other equations of motion. We will suppose that the object gu depends on 
the scalars a 1 only. 

Paralleling the discussion in [17], we will use the Batalin-Vilkovisky formalism [19-21] to retrieve 
the conditions for the existence of an action. The main advantage of this formalism is that the 
explicit form of the classical action should not be known, although we will list it at the end of the 

4 In the case of local (off-shell) supersymmetry, su(2) FI terms exist. 
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Table 2: Dimension, ghost number and anti-field number of all fields 



Section. In the BV formalism we introduce a ghost for every symmetry. If the symmetry is rigid, 
the ghost field is taken to be constant. Moreover, for every field, we introduce an anti-field. The 
BV action Sbv now keeps track of all algebraic relations between the fields by ensuring the validity 
of the master field equation 

(S BV ,S BV ) = 0. (3.4) 

We will now introduce translational ghosts c M , supersymmetry ghosts c l , gauge symmetry ghosts 
a 1 and anti-fields, and expand the BV action up to anti- field number 2. 



S BV = J <rx C + A + C 2 + . . . , 
fr = crfc^X + Afc v d v Al + facTd^" + \ i + 

£-2 = -\c%crfc + cHfcitfjg IJ - Iga}/ 1 JK a J a K + \ iatfcc + \a]A\ t c^c , (3.5) 

where Cq denotes the classical (unknown) Lagrangian. Of course, the BV action can have terms with 
higher anti-field number and to consider the form of these terms, we need to know the dimension, 
ghost number and anti-field number of each field (see Table |2J). For consistency the dimension of 
each field together with its anti-field should add up to the same number, which we take to be equal 
to one. As a consequence, none of the fields have negative dimension. Using the fact that each 
term in the Lagrangian should have dimension two and vanishing ghost number, we can construct 
terms with higher anti-field number, but none of these terms will spoil the arguments below. 

In the master equation Q3.4JI we concentrate on terms cubic in the supersymmetry ghost c 1 and 
quadratic in the gaugino anti-field tp*j and find 

i i djg^^ccHf-^K ~ 2 i 9 I3 lf3\iK^ hL c^f 

= ^ccHfc^Kidig' 1 ' + 1^ L 9 K)L ) + 2n\{g^%r j) jcHi ) fi I c k = . (3.6) 
This is equivalent with the following conditions. 

djg JK + 2/( J 7 f L } = , (3.7) 

1I,JK = giLljR = 1{I,JK) ■ (3-8) 
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The first condition means that the object 7 introduced in the previous Section can now be seen as 
a Levi-Civita connection with respect to the metric gij. The second is the complete symmetry of 
the first Christoffel connection coefficients. Applying those conditions to (|2.12|) . we find that these 
first Christoffel connection coefficients should be constant, and we will take 

1I,JK = \Cijk • (3.9) 

This relation implies that gjj = Cijk& K + cljj where the last term is an integration constant. 
In the Abelian case, the only other condition we need to consider is (|2.11|) . which implies that 

// = 9uf^ J is constant. 

The non-Abelian case is slightly more involved as there are two more conditions to be solved. 
Using the above expressions for the metric and the connection, (|2.14|) can first of all be solved 
trivially if the metric is constant, as the corresponding jj K is zero. If the three-tensor Cjjk is 
differing from zero, the same condition (|2.14|) is solved if ajj = and the three-tensor is gauge- 
invariant 

fi(j M C KL)M = • (3.10) 

In both cases, the condition on the FI terms (|2.13|) implies that they are vanishing. 

To conclude this Section, we give the action (for a/j = 0) together with the field equations. 

S = jd 5 x C UK ^ K {-\^y^c7 J - \Fl v F J ^ - ±^W) - g^CuKG 1 'f {i p K 



+^C I jMC K LNg MN 4> iI ^ J 4>?i) L 



-^Cuks^A^F^ + gf LM J A h v A^Ff T + \g 2 f J LM f NP K ' A L u Af A N a ' A P T ) , 

guT", £ = 9u* J - KW J r* , ^ = 9lJ zi-hCuKTP J rr K . 



(3.11) 

The action without FI terms equals the one in [12] after elimination of the auxiliary field Y^ 1 by 
its algebraic equation of motion. 



4 On-Shell Vector Multiplet in Four Dimensions 

We can now parallel the construction of Section [21 to give a generalisation of special geometry. The 
on-shell field content of a vector multiplet is given by a complex scalar X, a vector A^ and two 
fermions f2j and [1,2]. As in the five-dimensional case, the off-shell multiplet has in addition 
an auxiliary real scalar field in the 3 of the su(2) R-symmetry group. In the present context, the 
field-dependent object A^ 1 in (|4.3|) stands in its place. 

The supersymmetry transformation rules again are very similar to the off-shell case. 

5X 1 = ml-gf JK I a J X K , (4.1) 
5Aj = e'ha^) + h.c. + cy/ - gfjK^A^ , (4.2) 

Snf = txhi + \fei^ - ALtf? + gf JK I X J X K e ij ^ - gfjK J oSn? . (4.3) 
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In our conventions (see also the Appendix), the position of the su(2) indices on the spinors denote 
their chirality. The field-dependent tensor Ai^s should transform as 

SA x m = C(i\ie\j) - C kI ^k(i£j)l • (4-4) 

The commutator of two supersymmetries now again yields a translation, a field dependent gauge 
transformation and non-closure functionals (when imposed on the fermions), which are interpreted 
as dynamical constraints on the physical field flf, hence as equations of motion. 

[Si,6 2 }n( = eVattl + d G (2e i ^ 2i e lj X + h.c.)0| - l£° 7a rf - I^yV^r} 
with £ a = e27 a eij + e2i"f a e\- We now choose an Ansatz similar to the five-dimensional case 

4i) = -Wm^f) + WjK^i)i^ J ^ K > ( 4 - 6 ) 

where the object ~/j K both depends on the complex scalar X and its complex conjugate. Note that 
for simplicity, we neglected the possibility of adding a Fayet-Iliopoulos term. 

Determining the defining conditions for the geometry is a little bit more subtle than in the 
five-dimensional case. Again, we have to demand that the Ansatz (|4.6JI is compatible with 1)4. 4|) . 
The defining conditions then follow from considering the terms cubic in the fermionic fields. If all 
fields have the same chirality, the part completely symmetric in the gauge indices assumes already 
the correct form (i.e. is compatible with 1)4.4)1 ). due to 1)A,6|) . E.g. 

^ntfnjn? = y k{i n^nf^s lm . (4.7) 

Therefore, the first equality of ()4.8j) will only restrict the part anti-symmetric in JL. In summary, 
the defining conditions for the geometry now read 

1k\j1l]M = - d [Jll]M » IJKlLM = SjlLM , h - c - ( 4 -8) 
As in the five-dimensional case, the symmetry algebra imposes another restriction in the non- 
Abelian case, as the tensor should transform in the adjoint under gauge transformations, 

which implies a condition similar to 1)2. 14)) . 

OWjKf&X" + BWjKf&X" - fLMlfx + V§jlK)M = • (4-9) 

With all this information, it is possible to find the complete non-closure functional for the fermions, 
which transforms into the other equations of motion. 

rf = tn( + ^j^X^f + \^ JK f^e 3l - 2gf I JK X K W J e ji + g^ JK f^ M X L X M W J e Jt 

-±d [L T I j lK Ci? J tti K n kL e lk e ji - \d {Z T l j )K e ji e kl n kJ a> K tf L + l^^sjiEMn^n^n 11 
-Id-^jKCipf^ , (4.io) 

A 7 = OX 1 + jj K D^X J D^X K - I^jkF^F^ - i i e^jk F J ^F K ^ 

+2g 2 fj K fl M X K X L X M - g 2 ti K f£ M f J NP X L X M X N X p + fermions , (4.11) 
~l = ^Fl^^ K ^X ] F^\\e^ JK ^X J F^ K 

+2gf JK I V fM X J X K + 2g 1 I JK f LM K X L X M V^X J + h.c.) + fermions . (4.12) 

As in the five-dimensional case, the target-space geometry is specified by an object ^j K which 
depends on the scalar fields and for which the conditions ()4.8)) and 1)4.9)1 hold. 
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5 Action in Four Dimensions 



As in five dimensions, the introduction of an action requires the existence of a metric g on the target 
space. Rather than repeating the complete discussion in Section we will now immediately list the 
conditions imposed on this metric as they are found using the BV formalism. First of all, the metric 
turns out to be hermitian with respect to the standard complex structure J = i dX <8>(?j— i dX I 'S>dj. 
The other requirements are 

di9 JR +lj L g LR = 0, (5.1) 
9ij = 9iJ = 91 j , (5-2) 
9 L{I lL = . (5.3) 

The first relation (|5.1j) states that is the Levi-Civita connection with respect to this hermitian 
metric, while the next equation (|5.2j) states that the metric is real. The last condition (|5.3[) again 
implies the complete symmetry of the first Christoffel connection coefficients, i.e. 

9il1jk = V,JK = 7(UK) ■ (5-4) 

Using the above in the defining equations (|4.8|) . it is easy to prove that this Christoffel coefficients 
are derivable from a holomorphic functional F(X) of the scalar fields X. The same functional can 
be used to specify the metric. 

1IjJK = -2iF IJK , (5.5) 
g I j = -2i(F IJ -F IJ ) . (5.6) 

For this, we adapted the following notation. 

Flix) . «w , FlM) - *w 



5_X J ' Jy ' 5X[5X J ' "' 
fm = OSS., F„(X) = £^Hi, ... (5.7) 

To discuss the other condition (|4.9j) which only holds for non-Abelian theories, we need to know 
how the holomorphic functional F(X) transforms under gauge transformations. To be as general 
as possible, we take 

5 G F = -gaSFjf J IK X K = -ga'd , (5.8) 

where Cj is a general holomorphic functional of the scalar fields X. Using (|5.6|) and (|5.5|) we can 
rewrite (|4.9j) as 

didjd K C L + 2\g Np F JKP (d N d I C L - d^djC- L ) = . (5.9) 

Note that the two known cases [22, 23] SqF = and 5qF = —ga 1 CjjkX j X k with Cjjk real, 
are certainly solutions to the above equation. 

In conclusion, we have shown that if the equations of motion ()4.1U[) - (j4.12|) can be deduced from 
an action, ^j K is the Levi-Civita connection in special coordinates and the theory is completely 
specified by a holomorphic functional of the scalar fields. 
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6 Dimensional Reduction 



The five-dimensional vector multiplet can be considered to be the dimensional reduction of the 
M = 1 vector multiplet in six dimensions. This multiplet does not contain scalars and the five- 
dimensional real scalar field originates from the sixth component of the higher dimensional vector. 
If one further dimensionally reduces to four dimensions, one arrives at a theory with a complex 
scalar as there is again a component of the five-dimensional vector which transforms trivially under 
the broken Poincare group. 

The reduction of off-shell vector multiplets from five to four dimensions implies a mapping of a 
very special real manifold to a complex one, called a very special Kahler manifold. The map is called 
the r-map [24]. Such target spaces of four-dimensional vector multiplets are not the most general 
ones, as the process of dimensional reduction leads to isometries in the target space. Therefore, the 
image of very special real manifolds under the r-map is a subset of all special Kahler manifolds. A 
similar consideration holds in the present context. 

We will now perform the Kaluza-Klein reduction of the theory presented in Section [21 (without 
Fl-like terms) to the one given in Section |IJ Therefore, we will suppose that the fifth dimension is 
a circle, and that all fields are periodic around this circle. In the Fourier expansion of these fields 
we will only retain the zero mode. Moreover, the five-dimensional Poincare group is broken, such 
that the fifth direction cannot be rotated into the others. As for the explicit Ansatz, the first four 
gamma matrices remain, the fifth becomes the chirality operator 74 = 7*. A five-dimensional spinor 
reduces to a left- and a right-handed four-dimensional one. More exactly, the reduction Ansatz for 
the fermions, the Susy parameter and the non-closure functionals are 

% = V2(Qi - Weji) , h = V2(ei + e> eji ) , ff = V2(T{ - 1^) . (6.1) 

The first four components of the vector remain. The fifth component A\ together with the real 
scalar a 1 form the complex scalar field X . The dimensional reduction of the bosonic equations of 
motion works similarly. 

X 1 = \(A{-ia I ), A' = ±(Hi-iA'), % = . (6.2) 
As a consequence of the fact that A 1 ^ = A 1 ^, 5 we find that 

Ijk = ~\Wjk = +k^lm , (6-3) 

which means that the reduced is purely imaginary. Due to Q6.3JI . the four-dimensional 7's only 
depend on the five-dimensional scalar, i.e. 

Im^^lmiX-X). (6.4) 

The reduction of (|2.12j) then yields 

dWjR = -1lmi¥k , dlljK = -1lmi¥k , (6-5) 

which is a stricter demand than (|4.8|) . while the reduction of (|4.9|) does not render any new infor- 
mation. 

In the off-shell case, the theories in the image of the r-map have holomorphic functionals of 
the form F(X) = CijkX 1 X j X k , which is only a subset of the allowed functionals. Similarly for 
on-shell vector multiplets, dimensionally reduced 7j/^'s satisfy (|6,5|) and hence are more restricted 
than in generic four-dimensional theories. 

J This can easily be seen from the dimensional reduction of the supersymmetry transformation rules. 
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7 Conclusions 



In this letter we constructed on-shell rigid super symmetric N = 2 vector multiplets in five and 
in four dimensions. The equations of motion were found as dynamical constraints on the fields 
imposed by the closure of the supersymmetry algebra. It was found that the target-space geometry 
is specified by an object jj K which generalises the results from (very) special geometry. Due to new 
Fayet-Iliopoulos terms, we were able to find more general potentials than the on-shell non-Abelian 
theory allows for. It was also discussed that the requirement of an action restricts the theories to 
the well-known ones of (very) special geometry. A generalisation of the r-map was also given by 
considering dimensional reduction. 

There are various possible ways of further study. First of all, the meaning of the 7j^'s might 
be clarified. One could also use this multiplet to gauge isometries in hypercomplex manifolds. This 
construction might then be used to perform a hypercomplex quotient. One could also couple these 
multiplets to supergravity to find generalisations of local (very) special geometry. 
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A Conventions 

We use the conventions of [25] but highlight some important aspects here. 
A.l Four Dimensions 

Anti-symmetrisation and symmetrisation, respectively denoted by [. . . ] and (•••), is done with unit 
weight. The gamma matrices satisfy the following Clifford algebra. 

{liM,lfu} = 2ri IM/ , (A.l) 

where the Minkowski metric is mostly plus. The chirality matrix is 7* = i 70717273- The duality 
conditions for the gamma matrices are 

1 = +3f i eabcdl*!^ 4 , 7a = -gr i Zabcdl*i abC , lab = ~\ i Sabcdl*!^ ■ (A.2) 

The spinors are taken to be Majorana. The position of the su(2) index indicates the chirality 
of the spinor. A left-handed spinor has eigenvalue +1 wrt the chirality matrix, and a\ denotes the 
chirality 7* A = a\\. We used two Fierz identities frequently. 

• For a\ = a^, we have 

\(iP = - ^CA + hab^l ab A • (A.3) 

• For a\ = —a^p, we have 

AC> = -i 7 «^C7 a A • (A.4) 
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We define the number tr n ) by 

A*7(n)Xi = t(n)Xil{n)X , (A.5) 

and its value can be found in Table [3 If at least one of the spinors is commuting, the right-hand 
side in (|A.5|) and in the above Fierz- identities should be multiplied by —1. This is important when 
using the Batalin-Vilkovisky formalism where the anti- field of a fermion is a commuting spinor, as 
is the ghost field corresponding to a super symmetry. 

From (jA.3j) and (|A.5|) . we can deduce an important Fierz- identity (which trivially holds for 
commuting spinors). 

A (i P'A fc) = . (A.6) 

A. 2 Five Dimensions 

Most of the conventions are the same. Spinors are taken to be symplectic Majorana. The four- 
dimensional chirality matrix becomes 74. On a spinor, the su(2) index has no additional mean- 
ing. Therefore it is not written in a bispinor that is a scalar under the R-symmetry group : 
X l 'j( n )%lj i = Xryi 71 )^). Raising and lowering of su(2) indices is now done using the North- West South- 
East convention: 

The signs defined in (|A.5|) are also shown in Table El The basic Fierz identity is 



(A. 



For commuting spinors, the sign should be opposite and the right-hand side of the 
Fierz- identity should be multiplied by —1. 



n= 


0,4 


1,5 


2 


3 


d=5 


+ 


+ 






d=4 


+ 






+ 



Table 3: i( ra ) in various dimensions 
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